Farey Fractions
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Although the idea may seem a little bizarre to you, mathematicians often spend valuable TV time just playing around with numbers!  Sometimes they discover some interesting things.  John Farey (1766 – 1826) was one of those who found a small but interesting fact about fractions.

He began by writing down all the possible fractions, no larger than 1, that could be made using the numbers 1 to 4 only.  This set of fractions are shown right.
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Next, he went through the list and removed any fractions which cancelled down to one that appeared in a simpler form earlier in the list.  For example, he crossed out       because it cancels down to       , which appears earlier in the list.

1. Cross out any other fractions which cancel down to ones that appear earlier in the list.

Hint:  There should be six left.

2. In the space below, start with zero and write the list of fractions in ascending order. 

Hint:  If in doubt about whether one fraction is larger than another, you might try converting them both to a decimal.  For example, on your HP PRIMEin HOME  enter 2/3 and press Enter to convert to decimal.
0,  _____,  _____,  _____,  _____,  _____,  _____
3. Choose any pair of consecutive fractions from your list (ones that are next to each other) and find their difference.  Repeat this for another two pairs of consecutive fractions, recording your results below.

Pair #1




Pair #2



Pair #3
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4. Compare your results to those of the person next you.  See if you can spot the pattern which John Farey saw.  Explain the pattern in words below:


5. Look at your list of fractions again, and add the first and last.  Now add the second and the second last.  Keep going in to the centre.  What do you notice?

John Farey wondered if these patterns worked only for the fractions in his first list, or whether it might work for any such list.  This type of question is characteristic of mathematicians.

6. This special sequence of ascending fractions was named the Farey sequence after John Farey.  The one you worked out using the numbers 1 to 4 is called the Farey sequence of order 4.  Write down the Farey sequence of order 7.  Don’t forget zero.

7. Test Farey’s conjectures (theories) using the Farey sequence of order 7.  Test at least three fractions from it when subtracting.  Choose a different set of three from your neighbour so that you can compare results.  Check also that the palindromic pattern works for your new set of fractions.


Results: 

So far you have only shown that this is true for fractions using the numbers 1 to 4 and 1 to 7.  John Farey wondered if he could prove that this would happen for any list of fractions like this, no matter how large it was.  This was not at all easy but after a great deal of work by many people it was successfully proven.  In the process, a number of mathematical tools and methods were developed that were very useful in other areas.


This fascination with patterns in numbers and geometry has been a characteristic of mathematicians throughout history.

You may be looking at this result and thinking to yourself that John Farey must have been a bit strange to have thought that this was interesting.  
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On the other hand, one of the first mathematicians to play with interesting patterns was Pythagoras…… 

We all know that he didn’t discover anything useful don’t we? 

� EMBED Equation.3  ���





This is known as a palindomic pattern. A palindrome reads the same backwards as forwards.  For example:


“Able was I, ere I saw Elba”





� EMBED Equation.3  ���





� EMBED Equation.3  ���








Hint: Look at the numerators.


Don’t expect too much: it’s a very simple pattern.
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